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A COMPACT G2-CALIBRATED MANIFOLD WITH
FIRST BETTI NUMBER b1 = 1
MARISA FERNA´NDEZ, ANNA FINO, ALEXEI KOVALEV AND VICENTE MUN˜OZ
Abstract. We construct a compact formal 7-manifold with a closed G2-structure and
with first Betti number b1 = 1, which does not admit any torsion-free G2-structure, that
is, it does not admit any G2-structure such that the holonomy group of the associated
metric is a subgroup of G2. We also construct associative calibrated (hence volume-
minimizing) 3-tori with respect to this closed G2-structure and, for each of those 3-
tori, we show a 3-dimensional family of non-trivial associative deformations. We also
construct a fibration of our 7-manifold over S2×S1 with generic fiber a (non-calibrated)
coassociative 4-torus and some singular fibers.
1. Introduction
A 7-manifold M is said to admit a G2-structure if there is a reduction of the structure
group of its frame bundle from the linear group GL(7,R) to the exceptional Lie group G2.
A G2-structure is equivalent to the existence of a certain type of a non-degenerate 3-form
ϕ (the G2 form) on the manifold. Indeed, by [18] a manifoldM with a G2-structure comes
equipped with a Riemannian metric g, a cross product P , a 3-form ϕ, and orientation,
which satisfy the relation
ϕ(X, Y, Z) = g(P (X, Y ), Z),
for every vector fields X, Y, Z on M .
If the 3-form ϕ is covariantly constant with respect to the Levi-Civita connection of
the metric g or, equivalently, the intrinsic torsion of the G2-structure vanishes [41], then
the holonomy group of g is contained in G2, and the 3-form ϕ is closed and coclosed [18].
In this case, the G2-structure is said to be torsion-free. The first complete examples of
metrics with holonomy G2 were obtained by Bryant and Salamon in [6], while compact
examples of Riemannian manifolds with holonomy G2 were constructed first by Joyce [31],
and then by Kovalev [34], Kovalev and Lee [35], and Corti, Haskins, Nordstro¨m, Pacini
[10]. More recently, a new construction of compact manifolds with holonomy G2 has been
given in [33] by gluing families of Eguchi-Hanson spaces.
A G2-structure is called calibrated (or closed) if the 3-form ϕ is closed [27], and a G2-
structure is said to be cocalibrated (or cococlosed) if the 3-form ϕ is coclosed. These two
classes of G2-structures are very different in nature, the closed condition of the G2 form
being much more restrictive; for example, Crowley and No¨rdstrom in [11] prove that
coclosed G2-structures always exist on closed spin manifolds and satisfy the parametric
h−principle.
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Recently, for a compact 7-manifoldM endowed with a closed non-parallel G2-structure,
Podesta` and Raffero in [40] have proved that the identity component of the automorphism
group of M is Abelian with dimension bounded by min{6, b2(M)}.
Compact G2-calibrated manifolds have interesting curvature properties. It is well known
that a G2 holonomy manifold is Ricci-flat or, equivalently, both Einstein and scalar-flat.
On a compact calibrated G2 manifold, both the Einstein condition [8] and scalar-flatness
[5] are equivalent to the holonomy being contained in G2. In fact, Bryant in [5] shows
that the scalar curvature is always non-positive.
All the known examples in the literature of compact 7-manifolds (not a product of a
symplectic half-flat 6-manifold by S1) admitting a closed G2 form, which is not coclosed,
have first Betti number strictly bigger than one. The first example of a compact G2-
calibrated manifold that does not have holonomy G2 was obtained in [16]. This example
is a nilmanifold, that is a compact quotient of a simply connected nilpotent Lie group
by a lattice, endowed with an invariant calibrated G2-structure. In [9] Conti and the
first author classified the nilpotent 7-dimensional Lie algebras that admit a calibrated
G2-structure. All those examples are non-formal. Other examples were given in [17].
They are formal compact solvable manifolds with first Betti number b1 = 3.
In this paper, we show a compact formal 7-manifold with a closed G2-structure and with
first Betti number b1 = 1 not admitting any torsion-free G2-structure. To our knowledge,
this manifold is the first example of compact G2-calibrated manifold that satisfies all these
properties and it is not a product.
To construct such a manifold, we start with a compact 7-manifold M equipped with
a closed G2 form ϕ and with first Betti number b1(M) = 3. Then we quotient M by
a finite group preserving ϕ to obtain an orbifold M̂ with an orbifold closed G2 form ϕ̂
and with first Betti number b1(M̂) = 1 (Proposition 14). We resolve the singularities
of the 7-orbifold M̂ to produce a smooth 7-manifold M˜ with a closed G2 form ϕ˜, with
first Betti number b1(M˜) = 1 and such that (M˜, ϕ˜) is isomorphic to (M̂, ϕ̂) outside the
singular locus of M̂ (Theorem 17). The idea of this construction stems from our study of
the original Joyce’s techniques on “G2-orbifold resolutions” [31, 32] that allowed him the
construction of compact Riemannian manifolds with holonomy G2. (There “G2-orbifold”
means an orbifold with an orbifold closed and co-closed G2 form.)
Next, we prove that M˜ has the aforementioned properties. More precisely, using the
concept of 3-formal minimal model, introduced in [19] as an extension of formality [12]
(see Section 3 for details) we prove that the 7-manifold M˜ is formal (Proposition 20). On
the other hand, we show that M˜ has fundamental group π1(M˜) = Z (Proposition 19), this
resulting from the careful choice of the action of the finite group acting on M . Finally,
using this last result and that b1(M˜) = 1, we prove that if M˜ carries a G2 form such that
the holonomy group of the associated metric is a subgroup of G2, then M˜ has a finite
covering which is a product of a 6-dimensional simply connected Calabi-Yau manifold
and a circle, and so there exist a closed 2-form ω and a closed 1-form η on M˜ such that
ω3 ∧ η 6= 0 at every point of M˜ . But we see that this is not possible by the cohomology
of M˜ determined in Proposition 18. This shows that M˜ does not admit any torsion-free
G2-structure (Theorem 21).
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Now, let us recall that for each 7-manifold N with a G2-structure φ, one may define a
special class of 3-dimensional orientable submanifolds of N called associative 3-folds (see
section 7 for details). Their tangent spaces are subalgebras of the cross-product algebras
induced by φ on the tangent spaces of N ; in fact, these latter subalgebras are isomorphic
to R3 with the standard vector product. If the G2-structure φ is closed, then φ is a
calibration and every associative 3-fold is a minimal submanifold of N (moreover, locally
volume-minimizing in its homology class [32, Proposition 3.7.2]).
For the compact 7-manifoldM with the closed G2 form ϕ mentioned above, we consider
a non-trivial involution ofM preserving ϕ, and we construct an example of a 3-dimensional
family of associative volume-minimizing 3-tori in M˜ (Proposition 24). This deformation
family is ‘maximal’ (Corollary 26). On the other hand, we show in Proposition 27 that
each associative 3-torus fixed by the above involution can becomes rigid and isolated after
an arbitrary small closed perturbation of the ambient G2-structure.
For a G2-structure φ (not necessarily closed nor coclosed) on a 7-manifold N , we have
another natural class of orientable submanifolds of N : the so-called coassociative 4-folds.
Such a submanifold may be defined by the vanishing of φ (see section 8). When the
G2-structure φ is closed, the space of deformations of a coassociative 4-fold X is a smooth
manifold of dimension equal to the positive part of the second Betti number b2+(X). If
also b2+(X) = 3, then the deformations of X may ‘fill out’ an open set in the ambient
G2-manifold. We construct a smooth fibration map M˜ → S
2 × S1 with generic fiber a
coassociative torus and some singular fibers, with both smooth and singular fibers forming
maximal deformation families (Proposition 29).
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partially supported by MINECO-FEDER Grant MTM2014-54804-P and Gobierno Vasco
Grant IT1094-16, Spain. The second author is supported by the project PRIN “va-
rieta´ reali e complesse: geometria, topologia e analisi armonica” and by GNSAGA. of
I.N.d.A.M.. The fourth author was partially supported by MINECO-FEDER Grant
(Spain) MTM2015-63612-P.
2. Orbifolds
In this section we collect some basic facts and definitions concerning G2 forms on smooth
manifolds and on orbifolds (see [1, 4, 5, 13, 18, 27, 28, 29, 30, 32, 41] for details).
Let us consider the space O of the Cayley numbers (or octonions) which is a non-
associative algebra over R of dimension 8. We can identify R7 with the subspace of O
consisting of pure imaginary Cayley numbers. Then, the product on O defines on R7 the
3-form ϕ0 given by
ϕ0 = e
127 + e347 + e567 + e135 − e236 − e146 − e245, (1)
where {e1, . . . , e7} is the standard basis of (R7)∗. Here, e127 stands for e1 ∧ e2 ∧ e7, and
so on. The stabilizer of ϕ0 under the standard action of GL(7,R) on Λ
3(R7)∗ is the Lie
group G2, which is one of the exceptional Lie groups, and it is a compact, connected,
simply connected, simple Lie subgroup of SO(7) of dimension 14.
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Note that G2 acts irreducibly on R
7 and preserves the standard metric and orientation
for which {e1, . . . , e7} is an oriented and orthonormal basis. The GL(7,R)-orbit of ϕ0 is
open in Λ3(R7)∗, so ϕ0 is a stable 3-form on R
7 [28].
Definition 1. Let V be a real vector space of dimension 7. A 3-form ϕ ∈ Λ3(V ∗) on V is
a G2 form (or G2-structure) on V if there is a linear isomorphism u : (V, ϕ) −→ (R
7, ϕ0)
such that u∗ϕ0 = ϕ, where ϕ0 is given by (1).
A G2-structure on a 7-dimensional smooth manifold M is a reduction of the structure
group of its frame bundle from GL(7,R) to the exceptional Lie group G2. Gray in [24]
proved that a smooth 7-manifold M carries G2-structures if and only if M is orientable
and spin.
The presence of a G2-structure is equivalent to the existence of a differential 3-form ϕ
(the G2 form) on M , which can be defined as follows. Denote by Tp(M) the tangent space
to M at p ∈M , and by Ω∗(M) the algebra of the differential forms on M .
Definition 2. Let M be a smooth manifold of dimension 7. A G2 form on M is a
differential 3-form ϕ ∈ Ω3(M) such that, for each point p ∈ M , ϕp is a G2 form on
Tp(M) (in the sense of Definition 1) that is, for each p ∈M , there is a linear isomorphism
up : (Tp(M), ϕp) −→ (R
7, ϕ0) satisfying u
∗
pϕ0 = ϕp, where ϕ0 is given by (1).
Therefore, if ϕ is a G2 form on M , then ϕ can be locally written as (1) with respect to
some (local) basis {e1, . . . , e7} of the (local) 1-forms on M .
Note that there is a 1-1 correspondence between G2-structures and G2 forms on M . In
fact, if ϕ ∈ Ω3(M) is a G2 form on M , the subbundle of the frame bundle whose fiber at
p ∈ M consists of the isomorphisms up : (Tp(M), ϕp) −→ (R
7, ϕ0), such that u
∗
pϕ0 = ϕp,
defines a principal subbundle with fiber G2, that is a G2-structure on M .
Since G2 ⊂ SO(7), a G2 form onM determines a Riemannian metric and an orientation
onM . Let ϕ be a G2 form onM . Denote by gϕ the Riemannian metric induced by ϕ, and
by ∇ϕ the Levi-Civita connection of gϕ. Let ⋆ϕ be the Hodge star operator determined
by gϕ and the orientation induced by ϕ.
Definition 3. We say that a manifold M has a closed G2-structure if there is a G2 form
ϕ on M such that ϕ is closed, that is dϕ = 0. A manifold M has a coclosed G2-structure
if there is a G2 form ϕ on M such that ϕ is coclosed, i.e. d(⋆ϕϕ) = 0. A G2 form ϕ on M
is torsion-free if ∇ϕϕ = 0.
Orbifold G2 forms.
Definition 4. A (smooth) n-dimensional orbifold is a Hausdorff, paracompact topological
space X endowed with an atlas {(Up, U˜p,Γp, fp)} of orbifold charts, that is Up ⊂ X is a
neighbourhood of p ∈ X , U˜p ⊂ R
n an open set, Γp ⊂ GL(n,R) a finite group acting on
U˜p, and fp : U˜p → Up is a Γp-invariant map with fp(0) = p, inducing a homeomorphism
U˜p/Γp ∼= Up. Moreover, the charts are compatible in the following sense:
If q ∈ Uq ∩ Up, then there exist a connected neighbourhood V ⊂ Uq ∩ Up and a diffeo-
morphism F : f−1p (V )0 → f
−1
q (V ), where f
−1
p (V )0 is the connected component of f
−1
p (V )
containing q, such that F (σ(x)) = ρ(σ)(F (x)), for any x, and σ ∈ StabΓp(q), where
ρ : StabΓp(q)→ Γq is a group isomorphism.
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For each p ∈ X , let np = #Γp be the order of the orbifold point (if np = 1 the point
is smooth, also called non-orbifold point). The singular locus of the orbifold is the set
S = {p ∈ X | np > 1}. Therefore M − S is a smooth n-dimensional manifold. The
singular locus S is stratified: if we write Sk = {p | np = k}, and consider its closure Sk,
then Sk inherits the structure of an orbifold. In particular Sk is a smooth manifold, and
the closure consists of some points of Sl, l ≥ 2.
We say that the orbifold is locally oriented if Γp ⊂ GL+(n,R) for any p ∈ X . As Γp is
finite, we can choose a metric on U˜p such that Γp ⊂ SO(n). An element σ ∈ Γp admits a
basis in which it is written as
σ = diag
((
cos θ1 − sin θ1
sin θ1 cos θ1
)
, . . . ,
(
cos θr − sin θr
sin θr cos θr
)
, 1, . . . , 1
)
,
for θ1, . . . , θr ∈ (0, 2π). In particular, the set of points fixed by σ is of codimension 2r.
Therefore the set of singular points S ∩ Up is of codimension ≥ 2, and hence X − S is
connected (if X is connected). Also we say that the orbifold X is oriented if it is locally
oriented and X − S is oriented.
A natural example of orbifold appears when we take a smooth manifold M and a finite
group Γ acting on M smoothly and effectively. Then M̂ = M/Γ is an orbifold. If M is
oriented and the action of Γ preserves the orientation, then M̂ is an oriented orbifold.
Note that for every p̂ ∈ M̂ , the group Γp̂ is the stabilizer of p ∈ M , with p̂ = π̂(p) under
the natural projection π̂ : M → M̂ .
Let X be an orbifold of dimension n. An orbifold k-form α on X consists of a collection
of differential k-forms αp (p ∈ X) on each open U˜p which are Γp-equivariant and that
match under the compatibility maps between different charts.
The space of orbifold k-forms on X is denoted by Ωkorb(X). The wedge product of
orbifold forms and the exterior differential d on X are well defined. Thus, we have
d : Ωkorb(X) −→ Ω
k+1
orb (X) .
The cohomology of (Ωkorb(X), d) is the cohomology of the topological space X with real
coefficents, H∗(X) (see [7, Proposition 2.13]).
Remark 1. Suppose that X =M/Γ is an orbifold, where M is a smooth manifold and Γ is
a finite group acting smoothly and effectively onM . Then, the definition of orbifold forms
implies that any Γ-invariant differential k-form α onM defines an orbifold k-form α̂ on X ,
and vice-versa. Moreover, it is straightforward to check that the exterior derivative on M
preserves Γ-invariance. Thus, if
(
Ωk(M)
)Γ
denotes the space of the Γ-invariant differential
k-forms onM , and Hk(M)
Γ
⊂ Hk(M) is the subspace of the de Rham cohomology classes
of degree k on M such that each of these classes has a representative that is a Γ-invariant
differential k-form, then we have
Ωkorb(X) =
(
Ωk(M)
)Γ
, Hk(X) = Hk(M)
Γ
. (2)
Definition 5. Let X be a 7-dimensional orbifold. We call ϕ ∈ Ω3orb(X) an orbifold G2
form on X if, for each p ∈ X , ϕp is a G2 form (in the sense of Definition 2) on the open
U˜p ⊂ R
7 of the orbifold chart (Up, U˜p,Γp, ϕp). If in addition ϕ is also closed (dϕ = 0) we
call ϕ an orbifold closed G2 form.
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An orbifold G2-structure can also be defined as a reduction of the orbifold frame bundle
from GL(7,R) to G2, as in the case of smooth manifolds.
If M is a smooth 7-manifold with a closed G2 form ϕ, and Γ is a finite group acting
effectively on M and preserving ϕ, then ϕ induces an orbifold closed G2 form on the
7-orbifold M̂ = M/Γ.
Definition 6. Let X be a 7-dimensional orbifold with an orbifold closed G2 form ϕ. A
closed G2 resolution of (X,ϕ) consists of a smooth manifold X˜ with a closed G2 form ϕ˜
and a map π : X˜ → X such that:
• π is a diffeomorphism X˜ − E → X − S, where S ⊂ X is the singular locus and
E = π−1(S) is the exceptional locus.
• ϕ˜ and π∗ϕ agree in the complement of a small neighbourhood of E.
3. Formality of manifolds and orbifolds
In this section we review some definitions and results about formal manifolds and formal
orbifolds (see [3, 12, 15, 19] for more details).
We work with differential graded commutative algebras, or DGAs, over the field R of
real numbers. The degree of an element a of a DGA is denoted by |a|. A DGA (A, d) is
said to be minimal if:
(1) A is free as an algebra, that is A is the free algebra
∧
V over a graded vector
space V =
⊕
i V
i, and
(2) there is a collection of generators {aτ}τ∈I indexed by some well ordered set I, such
that |aµ| ≤ |aτ | if µ < τ , and each daτ is expressed in terms of the previous aµ,
µ < τ . This implies that daτ does not have a linear part.
Morphisms between DGAs are required to preserve the degree and to commute with
the differential. In our context, the main example of DGA is the de Rham complex
(Ω∗(M), d) of a smooth manifold M , where d is the exterior differential.
The cohomology of a differential graded commutative algebra (A, d) is denoted by
H∗(A). This space is naturally a DGA with the product inherited from that on A while
the differential on H∗(A) is identically zero. A DGA (A, d) is connected if H0(A) = R,
and it is 1-connected if, in addition, H1(A) = 0.
We say that (
∧
V, d) is a minimal model of a differential graded commutative algebra
(A, d) if (
∧
V, d) is minimal and there exists a morphism of differential graded algebras
ρ : (
∧
V, d) −→ (A, d)
inducing an isomorphism ρ∗ : H∗(
∧
V )
∼
−→ H∗(A) on cohomology. In [26], Halperin
proved that any connected differential graded algebra (A, d) has a minimal model unique
up to isomorphism. For 1-connected differential algebras, a similar result was proved by
Deligne, Griffiths, Morgan and Sullivan [12, 25, 44].
A minimal model of a connected smooth manifold M is a minimal model (
∧
V, d) for
the de Rham complex (Ω∗(M), d) of differential forms on M . If M is a simply connected
manifold, then the dual of the real homotopy vector space πi(M)⊗R is isomorphic to the
space V i of generators in degree i, for any i. The latter also happens when i > 1 and M
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is nilpotent, that is, the fundamental group π1(M) is nilpotent and its action on πj(M)
is nilpotent for all j > 1 (see [12]).
We say that a DGA (A, d) is a model of a manifold M if (A, d) and M have the same
minimal model. In this case, if (
∧
V, d) is the minimal model of M , we have
(A, d)
ν
←− (
∧
V, d)
ρ
−→ (Ω∗(M), d),
where ρ and ν are quasi-isomorphisms.
A minimal algebra (
∧
V, d) is formal if there exists a morphism of differential alge-
bras ψ : (
∧
V, d) −→ (H∗(
∧
V ), 0) inducing the identity map on cohomology. A DGA
(A, d) is formal if its minimal model is formal. A smooth manifold M is formal if its
minimal model is formal. Many examples of formal manifolds are known: spheres, pro-
jective spaces, compact Lie groups, symmetric spaces, flag manifolds, and compact Ka¨hler
manifolds.
The formality property of a minimal algebra is characterized as follows.
Theorem 7 ([12]). A minimal algebra (
∧
V, d) is formal if and only if the space V can
be decomposed into a direct sum V = C ⊕ N with d(C) = 0, d is injective on N and
such that every closed element in the ideal I(N) generated by N in
∧
V is exact.
This characterization of formality can be weakened using the concept of s-formality
introduced in [19].
Definition 8. A minimal algebra (
∧
V, d) is s-formal (s > 0) if for each i ≤ s the space
V i of generators of degree i decomposes as a direct sum V i = C i⊕N i, where the spaces
C i and N i satisfy the following conditions:
(1) d(C i) = 0,
(2) the differential map d : N i −→
∧
V is injective, and
(3) any closed element in the ideal Is = I(
⊕
i≤s
N i), generated by the space
⊕
i≤s
N i in the
free algebra
∧
(
⊕
i≤s
V i), is exact in
∧
V .
A smooth manifold M is s-formal if its minimal model is s-formal. Clearly, if M is
formal then M is s-formal for every s > 0. The main result of [19] shows that sometimes
the weaker condition of s-formality implies formality.
Theorem 9 ([19]). Let M be a connected and orientable compact differentiable manifold
of dimension 2n or (2n− 1). Then M is formal if and only if it is (n− 1)-formal.
One can check that any simply connected compact manifold is 2-formal. Therefore,
Theorem 9 implies that any simply connected compact manifold of dimension at most six
is formal. (This result was proved earlier in [38].)
Note that Crowley and Nordstro¨m in [11] have introduced the Bianchi-Massey tensor
on a manifoldM , and they prove that ifM is a closed (n−1)-connected (4n−1)-manifold,
with n ≥ 2, then M is formal if and only if the Bianchi-Massey tensor vanishes.
For later use, we recall here the following characterization of the s-formality of a man-
ifold.
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Lemma 10 ([20]). LetM be a manifold with minimal model (
∧
V, d). ThenM is s-formal
if and only if there is a map of differential algebras
ϑ : (
∧
V ≤s, d) −→ (H∗(M), d = 0),
such that the map ϑ∗ : H∗(
∧
V ≤s, d) −→ H∗(M) induced on cohomology is equal to the
map ı∗ : H∗(
∧
V ≤s, d) −→ H∗(
∧
V, d) = H∗(M) induced by the inclusion ı : (
∧
V ≤s, d) −→
(
∧
V, d).
In particular, ϑ∗ : H i(
∧
V ≤s) −→ H i(M) is an isomorphism for i ≤ s, and a monomor-
phism for i = s+ 1.
Definition 11. Let X be an orbifold. A minimal model forX is a minimal model (
∧
V, d)
for the DGA (Ω∗orb(X), d). The orbifold X is formal if its minimal model is formal.
For a simply connected orbifoldX , the dual of the real homotopy vector space πi(X)⊗R
is isomorphic to the space V i of generators in degree i, for any i, where πi(X) is the
homotopy group of order i of the underlying topological space in X . In fact, the proof
given in [12] for simply connected manifolds, also works for simply connected orbifolds
(that is, orbifolds for which the topological space X is simply connected).
Moreover, the proof of Theorem 9 given in [19] only uses that the cohomology H∗(M) is
a Poincare´ duality algebra. By [42], we know that the singular cohomology of an orbifold
also satisfies a Poincare´ duality. Thus, Theorem 9 also holds for compact connected
orientable orbifolds, that is we have
Proposition 12. Let X be a connected and orientable compact orbifold of dimension 2n
or (2n−1). Then X is formal if and only if it is (n−1)-formal. In particular, any simply
connected compact orbifold of dimension at most 6 is formal.
4. A 7-orbifold with an orbifold closed G2 form
Let G be the connected nilpotent Lie group of dimension 7 consisting of real matrices
of the form
a =
(
A1 0
0 A2
)
,
where A1 and A2 are the matrices
A1 =

1 −x2 x1 x4 −x1x2 x6
0 1 0 −x1 x1
1
2
x21
0 0 1 0 −x2 −x4
0 0 0 1 0 0
0 0 0 0 1 x1
0 0 0 0 0 1
 , A2 =

1 −x3 x1 x5 −x1x3 x7
0 1 0 −x1 x1
1
2
x21
0 0 1 0 −x3 −x5
0 0 0 1 0 0
0 0 0 0 1 x1
0 0 0 0 0 1
 ,
where xi ∈ R, for any i ∈ {1, · · · , 7}. Then, a global system of coordinate functions
{x1, · · · , x7} for G is given by xi(a) = xi, with i ∈ {1, · · · , 7}. Note that if a matrix
A ∈ G has coordinates ai, then the change of coordinates of a ∈ G by the left translation
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LA are given by
L∗A(xi) = xi ◦ LA = xi + ai, i = 1, 2, 3,
L∗A(x4) = x4 + a2x1 + a4,
L∗A(x5) = x5 + a3x1 + a5,
L∗A(x6) = x6 −
1
2
a2x
2
1 − a1x4 − a1a2x1 + a6,
L∗A(x7) = x7 −
1
2
a3x
2
1 − a1x5 − a1a3x1 + a7.
A standard calculation shows that a basis for the left invariant 1–forms on G consists of
{dx1, dx2, dx3, dx4 − x2dx1, dx5 − x3dx1, dx6 + x1dx4, dx7 + x1dx5}.
Let Γ be the discrete subgroup of G consisting of matrices whose entries (x1, x2, . . . , x7) ∈
2Z × Z6, that is xi are integer numbers and x1 is even. It is easy to see that Γ is a
subgroup of G. So the quotient space of right cosets
M = Γ\G (3)
is a compact 7-manifold. Hence the forms dx1, dx2, dx3, dx4 − x2dx1, dx5 − x3dx1, dx6 +
x1dx4, dx7 + x1dx5 descend to 1–forms e
1, e2, e3, e4, e5, e6, e7 on M such that
dei = 0, i = 1, 2, 3, de4 = e12, de5 = e13, de6 = e14, de7 = e15, (4)
and such that at each point of M , {e1, e2, e3, e4, e5, e6, e7} is a basis for the 1–forms on M .
Here, e12 stands for e1 ∧ e2, and so on.
Lemma 13. The nilmanifold M defined by (3) is diffeomorphic to the mapping torus Mν
of the diffeomorphism of the 6-torus ν : T 6 = R6/Z6 → T 6 = R6/Z6, induced by the linear
automorphism of R6 associated to the matrix
1 0 0 0 0 0
−2 1 0 0 0 0
2 −2 1 0 0 0
0 0 0 1 0 0
0 0 0 −2 1 0
0 0 0 2 −2 1
 .
Proof. Consider the projection
p : M → S1 = R/2Z
[(x1, . . . , x7)] 7→ (x1 + 2Z) . (5)
The fiber over x1 + 2Z ∈ S
1 is the set of equivalence classes of R6 by the equivalence
relation
(x2, . . . , x7) ∼ (x2+a2, x3+a3, x4+a2x1+a4, x5+a3x1+a5, x6−
1
2
a2x
2
1+a6, x7−
1
2
a3x
2
1+a7).
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The quotient R6/ ∼ is then the 6-torus R6/Λ(x1) with lattice Λ(x1) ⊂ R
6 given by the
span over Z of the columns of the matrix
B(x1) =

1 0 0 0 0 0
0 1 0 0 0 0
x1 0 1 0 0 0
0 x1 0 1 0 0
−1
2
x21 0 0 0 1 0
0 −1
2
x21 0 0 0 1
 .
The fiber p−1(x1+2Z) = R
6/Λ(x1) can be identified with the standard torus T
6 = R6/Z6,
by the diffeomorphism
fx1 : R
6/Λ(x1)→ R
6/Z6
[(x2, . . . , x7)] 7→ [B(x1)
−1(x2, . . . , x7)].
Therefore, p−1([0, 2]/2Z) ∼= ([0, 2] × T 6)/ν, for an appropriate diffeomorphism ν : {0} ×
T 6 ∼= {2} × T 6, that we describe next.
The manifold M is obtained by identifying the two presentations {0}×T 6 and {2}×T 6
of the fiber over 0 + 2Z = 2 + 2Z via the map
h : p−1(0 + 2Z)→ p−1(2 + 2Z),
[(x2, x3, x4, x5, x6, x7)] ∈ R
6/Λ(0) 7→ [(x2, x3, x4, x5, x6 − 2x4, x7 − 2x5)] ∈ R
6/Λ(2),
that corresponds to the matrix
C =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 −2 0 1 0
0 0 0 −2 0 1
 .
Thus M is the manifold obtained from [0, 2] × T 6 by identifying the ends {0} × T 6 ∼=
{2} × T 6 by the diffeomorphism ν of T 6 induced by the linear automorphism of R6
(x2, . . . , x7)→ E (x2, . . . , x7)
T ,
where
E = B(2)−1C =

1 0 0 0 0 0
0 1 0 0 0 0
−2 0 1 0 0 0
0 −2 0 1 0 0
2 0 −2 0 1 0
0 2 0 −2 0 1
 .
Swapping the coordinates (x2, . . . , x7) to the order (x2, x4, x6, x3, x5, x7), we get the matrix
in the statement. 
Now we consider the action of the finite group Z2 on G given by
ρ : G → G
(x1, x2, x3, x4, x5, x6, x7) 7→ (−x1,−x2, x3, x4,−x5,−x6, x7), (6)
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where ρ is the generator of Z2. This action satisfies the condition ρ(a · b) = ρ(a) · ρ(b),
for a, b ∈ G, where · denotes the natural group structure of G. This follows since ρ is the
conjugation by the matrix
j =
(
J1 0
0 J2
)
, J1 = diag(1,−1,−1, 1, 1,−1), J2 = diag(1, 1,−1,−1,−1, 1),
i.e. ρ(a) = j a j−1. Moreover, ρ(Γ) = Γ. Thus, ρ induces an action on the quotient
M = Γ\G. Denote by
ρ : M →M
the Z2-action. Then, the induced action on the 1-forms e
i is given by
ρ∗ei = −ei, i = 1, 2, 5, 6, ρ∗ej = ej , j = 3, 4, 7. (7)
Proposition 14. The quotient space M̂ = M/Z2 is a compact 7-orbifold with first Betti
number b1(M̂) = 1, and with an orbifold closed G2 form.
Proof. Since the Z2-action onM is smooth and effective, the quotient space M̂ = M/Z2 is
a 7-orbifold, which is compact because M is compact. Moreover, using Nomizu’s theorem
[39], from (4) we have that the first de Rham cohomology group of M is H1(M) =
〈[e1], [e2], [e3]〉. Then, as a consequence of (2) and from (7), the first cohomology group
of M̂ is
H1(M̂) = H1(M)Z2 = 〈[e1], [e2], [e3]〉Z2 = 〈[e3]〉.
So the first Betti number of M̂ is b1 = 1.
We define the 3-form ϕ on M given by
ϕ = e123 + e145 + e167 − e246 + e257 + e347 + e356. (8)
Clearly, ϕ is a closed G2 form on M which is Z2-invariant. Indeed, on the right-hand side
of (8) all the terms, except the last 3 terms, are closed. But d(e257+ e347+ e356) = 0, and
so ϕ is closed. Moreover, each term on the right-hand side of (8) is Z2-invariant. Thus ϕ
induces an orbifold closed G2 form ϕ̂ on M̂ . 
Denote by
π̂ : M → M̂
the natural projection. The singular locus S of M̂ is the image by π̂ of the set S ′ of points
in M that are fixed by the Z2-action defined by (6). So S consists of all the 3-dimensional
spaces Sa = π̂(S
′
a
) = S ′
a
/Z2, where
S ′
a
= {(a1, a2, x3, x4, a5, a6, x7) | (x3, x4, x7) ∈ T
3} ⊂M,
and
a = (a1, a2, a5, a6) ∈ A = {0, 1} × ({0, 1/2})
3.
Therefore, there are 24 = 16 components of the singular locus of the orbifold.
The set S ′
a
is included in the fiber p−1(0+2Z) or p−1(1+2Z) of the projection p defined
by (5). Thus, S ′
a
is a Lie subgroup of T 6, hence it is abelian and so isomorphic to a 3-torus
T 3. Consequently, S is a disjoint union of 16 copies de T 3.
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5. Local model around the singular locus
To desingularize the orbifold M̂ = M/Z2 considered in Proposition 14, we study here
each of the 16 connected components Sa (defined before) of the singular locus S of M̂ .
For a = (a1, a2, a5, a6) ∈ A = {0, 1} × ({0, 1/2})
3, consider the element a ∈ G given
by a = (a1, a2, 0, 0, a5, a6, 0) ∈ G. Then, the left translation La : G → G is such that
La(Γ) = Γ, and so it induces a diffeomorphism La : M → M that preserves the G2 form
ϕ on M defined by (8), and it satisfies
La(ρ(b)) = aρ(b) = ρ(a)ρ(b) = ρ(ab) = ρ(La(b)),
for every b ∈ M . So La : M → M defines an orbifold diffeomorphism La : M̂ → M̂
sending S0 to Sa, where 0 = (0, 0, 0, 0) ∈ A. Therefore, doing the desingularization
around S0, we can translate it to the other Sa via the orbifold diffeomorphism La.
From now on, we focus on S0 = {(0, 0, x3, x4, 0, 0, x7)} ⊂ M̂ . We consider the corre-
sponding set
S ′ = S ′
0
= {(0, 0, x3, x4, 0, 0, x7)} ⊂M,
which is a fixed locus of the Z2-action (given by (6)) and isomorphic to a 3-torus T
3.
The following proposition allows us to show an appropriate local model around S0 that
we will use in the next section to desingularize S0.
Proposition 15. There exist neighbourhoods U ′ and U ′′ of S ′ in the manifold M with
U ′′ ⊂ U ′, and there are closed G2 forms φ and ψ on M and U
′, respectively which are
invariant by the Z2-action given by (6), and such that φ is equal to the G2 form ϕ, defined
by (8), outside U ′ ∼= T 3 × B4ǫ and φ = ψ is the standard G2 form on U
′′ ∼= T 3 × B4ǫ/2.
Proof. We define a small neighbourhood U ′ of S ′ in M as follows. A point in U ′ is given
by (x1, . . . , x7), with (x1, x2, x5, x6) small and such that, under the equivalence relation
given by the action of Γ on the points of U ′,
(x1, x2, x3, x4, x5, x6, x7) ∼ (x1, x2, x3 + a3, x4 + a4, x5 + a3x1, x6, x7 + a7 −
1
2
a3x
2
1).
It is natural to introduce on U ′ the coordinates (x′1, . . . , x
′
7) defined by
x′5 = x5 − x1x3,
x′7 = x7 +
1
2
x3x
2
1,
x′j = xj , j 6= 5, 7.
(9)
Therefore, if B4ǫ is the open ball of radius ǫ in R
4 centered at 0, U ′ is determined by
(x′1, . . . , x
′
7) with (x
′
1, x
′
2, x
′
5, x
′
6) ∈ B
4
ǫ , for some small ǫ > 0, and
(x′1, x
′
2, x
′
3, x
′
4, x
′
5, x
′
6, x
′
7) ∼ (x
′
1, x
′
2, x
′
3 + a3, x
′
4 + a4, x
′
5, x
′
6, x
′
7 + a7).
That is,
U ′ ∼= T 3 ×B4ǫ , (10)
where T 3 = R3/Z3 has coordinates (x′3, x
′
4, x
′
7), andB
4
ǫ ⊂ R
4 has coordinates (x′1, x
′
2, x
′
5, x
′
6).
Note that for ǫ < 1
4
, the neighbourhoods La(U
′) ∩ Lb(U
′) = ∅, for any a,b ∈ A distinct.
A COMPACT G2-CALIBRATED MANIFOLD WITH b1 = 1 13
If we restrict the 1-forms e1, . . . , e7 to S ′, by setting x′1 = x
′
2 = x
′
5 = x
′
6 = 0, we get
e5|S′ = dx5 − x3dx1 = dx
′
5,
e7|S′ = dx7 = dx
′
7,
ej |S′ = dxj = dx
′
j , j 6= 5, 7,
since dx′7 = dx7 +
1
2
x21dx3 + x1x3dx1 and dx
′
5 = dx5 − x1dx3 − x3dx1.
Thus, ej|S′ = dx
′
j , 1 ≤ j ≤ 7, and the restriction ϕ|S′ to S
′ ⊂ U ′ of the closed G2 form
ϕ on M given by (8), that is
ϕ = e123 + e145 + e167 − e246 + e257 + e347 + e356
= e347 + e3(e12 + e56)− e4(e15 − e26) + e7(e16 + e25)
coincides with the restriction ψ|S′ to S
′ of the standard G2 form ψ on U
′ ∼= T 3×B4ǫ given
by
ψ = dx′347 + dx
′
3 ∧ (dx
′
12 + dx
′
56)− dx
′
4 ∧ (dx
′
15 − dx
′
26) + dx
′
7 ∧ (dx
′
16 + dx
′
25), (11)
that is, we have ψ|S′ = ϕ|S′. Here, dx
′
12 stands for dx
′
1 ∧ dx
′
2, and so on. Moreover,
using (6) and (9), one can check that the G2 form ψ on U
′ ∼= T 3 ×B4ǫ is invariant by the
Z2-action.
Now let us modify the G2-structure ϕ on M inside U
′ ∼= T 3 × B4ǫ so that it is equal to
the 3-form ψ given by (11) on a smaller neighbourhood U ′′ of S ′. The 3-form ψ − ϕ is
closed on U ′, and it satisfies the condition (ψ−ϕ)|T 3×{0} = 0, hence it defines the zero de
Rham cohomology class on U ′. So ψ − ϕ = dα, for some 2-form α on U ′. Moreover, as
|ψ−ϕ| ≤ Cr, where r is the radial coordinate of B4ǫ ⊂ R
4, we can take |α| ≤ Cr2. Indeed,
following the standard procedure of [23, p. 542], we can use the homotopy operator to
determine α. Write the 3-form ϕ− ψ as
ψ − ϕ = β0 ∧ dr + β1,
for some closed forms β0 and β1. The 2-form α =
∫ r
0
β0 dr is smooth and satisfies dα =
ψ − ϕ.
On B4ǫ consider a bump function ρ(r) such that ρ(r) = 1 for r ≤ ǫ/2, and ρ(r) = 0 for
ǫ ≥ r ≥ 3ǫ/4. Define the 3-form φ on M by
φ = ϕ+ d(ρα). (12)
Then φ = ϕ outside U ′ and φ = ψ in
U ′′ ∼= T 3 ×B4ǫ/2 . (13)
Moreover, |dρ| ≤ C/ǫ for a uniform constant, so |d(ρα)| ≤ Cǫ. For ǫ > 0 small enough,
φ is non-degenerate, hence it defines a closed G2 form on M . Now, using (12), one can
check that the G2 form φ is still Z2-invariant. 
As a consequence of Proposition 15 we have the following corollary.
Corollary 16. There exist neighbourhoods U and V of S0 in the orbifold M̂ =M/Z2 with
V ⊂ U , and there are orbifold closed G2 forms φ̂ and ψ̂ on M̂ = M/Z2 and U , respectively
such that φ̂ = ϕ̂ outside U, and φ̂ = ψ̂ in the neighbourhood V of S0. Moreover, the
singular locus S of M̂ is covered by the disjoint union
⊔
a∈A La(U).
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Proof. We define the neighbourhoods U and V of S0 by
U = U ′/Z2 ∼= T
3 ×
(
B4ǫ /Z2
)
, V = U ′′/Z2 ∼= T
3 ×
(
B4ǫ/2/Z2
)
, (14)
where U ′ and U ′′ are given by (10) and (13), respectively. Consider the closed G2 forms
ψ and φ defined by (11) and (12), respectively. By Proposition 15, both these forms are
Z2-invariant, and hence they descend to orbifold closed G2 forms ψ̂ and φ̂ on U and M̂ ,
respectively and they satisfy the required conditions.
As we have noticed in the proof of Proposition 15, we have La(U
′) ∩ Lb(U
′) = ∅, for
any a,b ∈ A distinct. So, S ⊂
⊔
a∈A La(U). 
Remark 2. Note that the G2 form ψ given by (11) can be defined as the restriction to
U ′ of the G2 form Ψ on T
3 × C2 defined by (17) (see below). Firstly, we see that in the
coordinates (x′1, . . . , x
′
7), defined by (9), the action of Z2 on U
′ is given by
(x′1, x
′
2, x
′
5, x
′
6) 7→ (−x
′
1,−x
′
2,−x
′
5,−x
′
6),
and fixing (x′3, x
′
4, x
′
7). Introduce now the complex coordinates
z1 = x
′
1 + ix
′
2,
z2 = x
′
5 + ix
′
6,
so that U ′ ∼= T 3 × B4ǫ , where B
4
ǫ ⊂ C
2, and the action of Z2 on C
2 is given by
ρ : C2 → C2
(z1, z2) 7→ (−z1,−z2).
(15)
The natural SU(2)-structure on C2 is given by the Ka¨hler form ω and the (2, 0)-form Ω
defined, respectively by
ω =
i
2
(dz1 ∧ dz¯1 + dz2 ∧ dz¯2) = dx
′
12 + dx
′
56,
Ω = dz1 ∧ dz2 = (dx
′
15 − dx
′
26) + i(dx
′
25 + dx
′
16).
(16)
The action of Z2 on C
2 given by (15) preserves both these forms. The standard closed
G2-structure on T
3 × C2 is given by
Ψ = dx′347 + dx
′
3 ∧ ω − dx
′
4 ∧ReΩ+ dx
′
7 ∧ ImΩ . (17)
So the restriction Ψ|U ′ to U
′ coincides with the 3-form ψ defined by (11). Then, Corollary
16 implies that
Ψ̂|V = φ̂ = ψ̂ (18)
in the neighbourhood V of S0, where Ψ̂ is the orbifold closed G2 form induced by Ψ on
T 3 × (C2/Z2), and Ψ̂|V is the restriction of Ψ̂ to V .
6. Resolving the singular locus
In this section we desingularize the singular locus S of M̂ to get a smooth compact 7-
manifold M˜ diffeomorphic to M̂ outside S, and such that M˜ has the required properties,
i.e. with first Betti number b1(M˜) = 1, with no torsion-free G2-structures and with a
closed G2 form ϕ˜ such that ϕ˜ = ϕ̂ outside a neighbourhood of S, where ϕ̂ is the orbifold
closed G2 form on M̂ given in the proof of Proposition 14.
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Theorem 17. There exists a smooth compact manifold M˜ with a closed G2 form ϕ˜ and
with first Betti number b1(M˜) = 1, such that (M˜, ϕ˜) is a closed G2 resolution of (M̂, ϕ˜)
(in the sense of Definition 6).
Proof. We know that doing the desingularization around the component S0 of S, we can
translate it to the other components Sa of the singular locus S via the diffeomorphism
La : M̂ → M̂ defined in the section 5.
Let V be the neighbourhood of S0 given by (14) with the orbifold closed G2 form Ψ̂|V
induced on V by the G2 form Ψ defined by (17). In order to desingularize S0, we shall
replace the factor B4ǫ/2/Z2 of V by a smooth 4-manifold that agrees with B
4
ǫ/2/Z2 in a
neighbourhood of its boundary.
Firstly we consider the complex orbifold X = C2/Z2. By Remark 2, we know that the
action of Z2 on C
2 defined by (15) preserves the natural integrable SU(2)-structure (ω,Ω)
on C2 given by (16). (Thus Z2 is a finite subgroup of SU(2).) We resolve the singularity
of X = C2/Z2 to get a smooth manifold X˜ with a (non-integrable) SU(2)-structure. This
goes as follows: take the blow-up C˜2 of C2 at the origin. This is given by
C˜2 =
{(
z1, z2, [w1, w2]
)
∈ C2 × CP1
∣∣w1z2 = w2z1}.
Now we quotient C˜2 by Z2 in order to get a smooth manifold
X˜ = C˜2/Z2.
and a map π : X˜ → X such that π is a diffeomorphism X˜ − π−1(0)→ X − {0}.
The (2, 0)-form Ω = dz1 ∧ dz2 on X extends to a no-where vanishing (2, 0)-form on X˜ ,
that we call Ω again. This can be easily checked as follows, using the two affine charts. For
the first one, we take w1 = 1, w2 = w, z1 = z, z2 = wz, so the chart of C˜2 is parametrized
by (z, w) ∈ C2. The quotient by Z2 is given by (z, w) 7→ (−z, w), so X˜ is parametrized
by (u, w) ∈ C2, with u = z2. The form Ω in these coordinates (u, w) has the following
expression
Ω =dz1 ∧ dz2 = dz ∧ d(wz) = zdz ∧ dw =
1
2
du ∧ dw.
Thus Ω is non-zero and is defined on the whole chart. The computations for other chart
are similar.
We now consider a family of Ka¨hler (1, 1)-forms on C2 − {0} that extend to C˜2/Z2.
These determine the Eguchi-Hanson metric (see [14], [32, p.153]). Define ωt =
1
2i
∂∂ft,
where r = ||(z1, z2)|| and
ft(r) = (r
4 + t4)1/2 + 2t2 log r − t2 log((r4 + t4)1/2 + t2).
Also note that ft−r
2 = t2h(t, r), where h(t, r) = t2((r4+ t4)1/2+r2)−1+2 log r− log((r4+
t4)1/2 + t2), which is smooth on R2 − {0}. Take ρ a bump function such that ρ ≡ 1 if
r ≤ ǫ/4 and ρ ≡ 0 if r ≥ ǫ/2. Define ω˜t = ωC2 +
1
2i
∂∂(ρ(r2 − ft)). We claim that
there exists t > 0 such that ω˜t is non-degenerate on B
4
ǫ . In order to check it on the neck
B4ǫ/2 − B
4
ǫ/4, let m > 0 be such that any ω with ||ω − ωC2 || < m is symplectic. As h is
bounded in C2 on [0, 1] × [ǫ/4, ǫ/2], we can choose t > 0 so that ||∂∂(ρ(r2 − ft))|| < m.
Then ω˜t is symplectic.
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We define the G2 form Ψ˜ on T
3 ×
(
B˜4ǫ/2/Z2
)
by
Ψ˜ = dx′347 + dx
′
3 ∧ ω˜t − dx
′
4 ∧ReΩ + dx
′
7 ∧ ImΩ.
Thus, for (ǫ/2) − η ≤ r < ǫ/2, we have Ψ˜ = Ψ̂ on T 3 ×
(
B˜4r/Z2
)
, and hence Ψ˜ = φ̂ on
T 3 ×
(
B˜4r/Z2
)
by (18). Now we glue T 3 ×
(
B˜4ǫ/2/Z2
)
endowed with this G2 form Ψ˜ to
M̂ −
(
T 3 ×
(
B4(ǫ/2)−η/Z2
))
with the G2 form φ̂ given in Corollary 16. These two glue
nicely to give a G2 form ϕ˜ on the resulting smooth manifold M˜ .
The map π : X˜ → X defines a map that we denote by the same symbol π : M˜ → M̂ ,
which satisfies the conditions of Definition 6. Thus, (M˜, ϕ˜) is a closed G2-resolution of
(M̂, ϕ̂).
Finally, that b1(M˜) = 1 follows from Proposition 18 below. 
Proposition 18. There is an isomorphism
H∗(M˜) ∼= H∗(M̂)⊕
(
16⊕
i=1
H∗(T 3)⊗ [Ei]
)
,
where [Ei] ∈ H
2(M˜) is the class of the exceptional divisor Ei ⊂ X˜ = C˜2/Z2 with 1 ≤ i ≤
16.
Proof. Let V ⊂ M̂ be a neighbourhood of the exceptional divisors, that is V =
⊔
i Vi,
where Vi ∼= T
3 × (B4ǫ /Z2) ∼ T
3. Let U be the complement M̂ −
⊔
iEi. Then U ∩ V =⊔
i(U ∩ Vi), where U ∩ Vi ∼ T
3 × (S3/Z2), where ∼ means homotopy equivalent.
Let V˜ ⊂ M˜ be the preimage of V under π : M˜ → M̂ . Then V˜ =
⊔
i V˜i with V˜i
∼=
T 3 × (B˜4ǫ /Z2) ∼ T
3 × Ei and Ei ∼= CP
1 ∼= S2.
The map π∗ : Hk(M̂) → Hk(M˜) is injective. In fact, let α ∈ Hk(M̂) be a non-
zero element. As the cohomology of M̂ is a Poincare´ duality algebra, there is some
β ∈ H7−k(M̂) such that α · β = [M̂ ]. Applying π∗, and noting that π : M˜ → M̂ is a
degree 1 map, we have that π∗α · π∗β = [M˜ ]. Then π∗α 6= 0.
We write the Mayer-Vietoris sequences associated to M̂ = U ∪ V and M˜ = U ∪ V˜ as
→ Hk−1(U ∩ V )
δk−1
1→ Hk(M̂) → Hk(U)⊕Hk(V ) → Hk(U ∩ V )
δk
1→
|| ↓ π∗ ↓ ||
→ Hk−1(U ∩ V˜ )
δk−1
2→ Hk(M˜) → Hk(U)⊕Hk(V˜ ) → Hk(U ∩ V˜ )
δk
2→
↓ ↓
Q
f
→
⊕16
i=1H
k−2(T 3)⊗ [Ei]
where Q is the cokernel of π∗. It is clear that im δk−11 = im δ
k−1
2 . This happens for all
k. So ker δk1 = ker δ
k
2 . Applying the snake lemma to the diagram above (looking at it
vertically), we have an exact sequence
0→ im δk−11 → im δ
k−1
2 → ker f → ker δ
k
1 → ker δ
k
2 → im f → 0.
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This concludes that f is an isomorphism. Therefore there is an exact sequence
0→ H∗(M̂)→ H∗(M˜)→
16⊕
i=1
H∗(T 3)⊗ [Ei]→ 0 ,
where [Ei] ∈ H
2(M˜) is the class of the exceptional divisor Ei ⊂ C˜2/Z2 (1 ≤ i ≤ 16).
Now let us construct a splitting of the above exact sequence. For this, we take the Thom
form ηi of each of the exceptional divisors Ei ⊂ C˜2/Z2. Let E be one of these exceptional
divisors. The Thom form of E is a compactly supported 2-form η on a neighbourhood of
E such that [η] = [E]. Moreover η2 represents a 4-form such that
∫
F
η2 = [F ] · [E]2 = −2
for each fiber F = {p}× C˜2/Z2 of V˜ = T
3× C˜2/Z2. If λ is the bump 4-form on the origin
of C2, pulled-back to C˜2/Z2, then [η
2] = −2[λ]. Pulling-back to V˜ = T 3 × C˜2/Z2, we
have that [η2] = −2[T 3]. With this we construct the compactly supported cohomology of
V˜i = T
3 × C˜2/Z2 as the forms
∧
(e3, e4, e7) ∧ [ηi]. This gives the splitting. 
The algebra structure of H∗(M˜) can be described explicitly as follows. Under the
isomorphism given in Proposition 18, i.e.
H∗(M˜) ∼= H∗(M̂)⊕
(
16⊕
i=1
H∗(T 3)⊗ [Ei]
)
,
the elements of H∗(M̂) multiply following its algebra structure. Moreover, an element
α ∈ H∗(M̂) and β ⊗ [Ej] multiply as α · (β ⊗ [Ej]) = (i
∗
jα ∧ β)⊗ [Ej ], where ij : Sj ⊂ M̂
is the inclusion of the j-th component Sj of the singular locus. Finally,
[Ej ] · [Ej ] = −2[λ] = −2e
1256,
since it is the Poincare´ dual of the T 3 given by coordinates (x3, x4, x7). So (β ⊗ [Ej ]) ·
(γ ⊗ [Ej ]) = −2β ∧ γ ∧ [λ] ∈ H
∗(M̂). In sum,
(α1,
∑
j
β1j ⊗ [Ej ]) · (α2,
∑
j
β2j ⊗ [Ej]) =
=
(
α1 ∧ α2 − 2
∑
j
β1j ∧ β2j ∧ λ,
∑
j
(β1j ∧ α2 + α1 ∧ β2j)⊗ [Ej ]
)
.
To complete the proof of Theorem 17, we compute the Betti numbers of M˜ . By Nomizu’s
theorem [39], we easily find that the de Rham cohomology groups H2(M) and H3(M) of
the nilmanifold M are
H2(M) = 〈[e16], [e17], [e23], [e24], [e25 + e34], [e35], [e27 − e45 − e36]〉 ,
H3(M) = 〈[e136], [e146], [e147], [e157], [e167], [e234], [e235], [e236 + e245],
[e237 + e345], [e246], [e357], [e247 + e256 + e346], [e257 + e347 + e356]〉 ,
and thus
H2(M̂) = H2(M)Z2 = 〈[e16], [e25 + e34]〉 ,
H3(M̂) = H3(M)Z2 = 〈[e136], [e146], [e157], [e167], [e235],
[e236 + e245], [e246], [e257 + e347 + e356]〉 .
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Then, Proposition 14 and Proposition 18 imply that the Betti numbers of M˜ are as follows:
b1(M˜) = b1(M̂) = 1,
b2(M˜) = b2(M̂) + 16 = 18,
b3(M˜) = b3(M̂) + 16 b1(T
3) = 56.
Proposition 19. The compact manifold M˜ has fundamental group π1(M˜) = Z.
Proof. Let π̂ : M → M̂ be the quotient map. Fix p0 ∈ M be the point with coordinates
(0, . . . , 0), and let q0 = π̂(p0) be the image of p0 under the projection π̂. Let γ1, . . . , γ7 be
the loops onM , where γi is the image under π̂ of the path from p0 to ei = (0, . . . ,
(i)
1 , . . . , 0).
These are generators of the fundamental group π1(M, p0) subject to the relations
[γ1, γ2] = γ4, [γ1, γ3] = γ5, [γ1, γ4] = γ6, [γ1, γ5] = γ7, (19)
and the fact the the other commutators are zero, i.e. γ2, γ4 commute, etc.
It is easy to see that any loop α¯ on M̂ lifts to M (non-uniquely). The (closed) portions
of α¯ that lie in the orbifold locus lift uniquely. The (open) part of α¯ that lies off the
orbifold locus lift to two possible paths (since over there π̂ is a double covering). Take
any of those lifts. The result is a continuous path α on M such that α¯ = π̂ ◦ α. This
concludes that π1(M̂, q0) is generated by the images γi = π̂ ◦ γ¯i, 1 ≤ i ≤ 7.
Now recall that Z2 acts by (6). Under it, the image of γ1 is the same as the path from
(0, 0, . . . , 0) to (1
2
, 0, . . . , 0) followed by the same path in the reversed direction. This is
contractible, hence γ¯1 = 0. The same happens with γ2, so γ¯2 = 0. Using the relations
(19), we conclude that π1(M̂, q0) = 〈γ¯3〉. Therefore π1(M̂) ∼= Z, since b1(M̂) = 1.
Now we prove that the resolution process does not alter the fundamental group. Let
us treat the case of one of the orbifold locus S0 ∼= T
3 ⊂ M̂ . Let π : M˜ → M̂ be the
resolution map. Take U a neighbourhood of S0, and V = M̂ − S0. Consider U˜ = π
−1(U)
and V˜ = π−1(V ). Then by Seifert Van-Kampen, π1(M̂) is the amalgamated sum of π1(U)
and π1(V ) over π1(U ∩V ). And π1(M˜) is the amalgamated sum of π1(U˜) and π1(V˜ ) over
π1(U˜ ∩ V˜ ). Note that V˜ ∼= V , U˜ ∩ V˜ ∼= U ∩ V , and U ∼ T
3, U˜ ∼ T 3 × CP1, so that
π1(U˜) ∼= π1(U). Therefore π1(M˜) ∼= π1(M̂) ∼= Z. 
Next, we complete the properties of M˜ proving that it is formal, and that it does not
admit any torsion-free G2-structure.
Proposition 20. The compact manifold M˜ is formal.
Proof. We are going first to check that the orbifold M̂ is formal. Note that the cohomology
group H3(M̂) of M̂ decomposes as
H3(M̂) = A⊕B,
where A = 〈[e136], [e235]〉 and B = 〈[e146], [e157], [e167], [e246], [e236+e245], [e257+e347+e356]〉.
Then, the multiplication by [e3] vanishes on A, and it defines an isomorphism [e3] :
H2(M̂) → A. Moreover, the multiplication by [e3] is injective on B → H4(M̂). For this
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just check that the map H3(M̂)×H3(M̂)→ R, (α, β) 7→
∫
α∧ β ∧ e3 has matrix (on the
given basis of H3(M̂)) of the form
0 . . . 0 1
0 . . . 1 ∗
...
...
1 ∗ . . . ∗
 .
On the other hand, with respect to the basis α1 = [e
16], α2 = [e
25 + e34] of H2(M̂), we
have α21 = 0 and α
2
2 = 2[e
2345] = −2[e3] ∧ [e236 + e245], but α1 ∧ α2 = 2[e
1256] 6= 0.
Since M is a compact nilmanifold, the minimal model of M is the minimal DGA
(
∧
V, d), where V = 〈e1, . . . , e7〉 and the differential d is defined by (4). Let F = Z2
be the finite group acting on M , and on the minimal model. So ((
∧
V )F , d) is a model
(not minimal) of M̂ = M/F . Let ρ : (
∧
W, d) → ((
∧
V )F , d) be a minimal model of M̂ .
According with notation of Definition 8, we write W i = C i +N i, i ≤ 3. Then,
W 1 =C1 = 〈a1〉 ,
W 2 =C2 = 〈b1, b2〉 ,
W 3 =C3 ⊕N3, where C3 = 〈c1, c2, c3, c4, c5, c6〉 , N
3 = 〈η1, η2〉 ,
the differential d is given by d(C i) = 0, dη1 = b
2
1, dη2 = b
2
2 + 2a1c5, and the morphism
ρ : (
∧
W, d)→ ((
∧
V )F , d) of differential algebras is defined by
ρ(a1) = e
3, ρ(b1) = e
16, ρ(b2) = e
25 + e34,
ρ(c1) = e
146, ρ(c2) = e
157, ρ(c3) = e
167,
ρ(c4) = e
246, ρ(c5) = e
236 + e245, ρ(c6) = e
257 + e347 + e356,
ρ(ηi) = 0, i = 1, 2.
Now we can prove that M̂ is 3-formal, and so it is formal by Proposition 12. For this we
have to look at the closed elements of I(N3) ⊂
∧
W≤3, and check that the image through
ρ is exact. We only look at elements of degree at most 7. Those are
a1(λ1η1 + λ2η2), (µ1b1 + µ2b2) (λ1η1 + λ2η2), (λ1η1 + λ2η2) (
6∑
i=1
νici),
and the product of these by closed elements, where λi, µi and µj are real numbers with
i = 1, 2 and 1 ≤ j ≤ 6. Note that if α is one of those elements, then ρ(α) = 0.
To check the formality of M˜ , now we have to work out the 3-minimal model of it, with
the algebra structure of H∗(M˜) given above. Therefore, the minimal model of M˜ must
be a differential graded (
∧
Z, d˜), being Z the graded vector space Z =
⊕
i Z
i with
Z1 = W 1,
Z2 = W 2 ⊕ S, S = 〈Bi | 1 ≤ i ≤ 16〉 ,
Z3 = W 3 ⊕ T, T = 〈C4i , C
7
i | 1 ≤ i ≤ 16〉 ,
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and the differential d˜ is given by d˜(W i) = d(W i), d˜(Bi) = 0, d˜(C
4
i ) = 0 = d˜(C
7
i ). Now,
we define the map of differential algebras ϑ : (
∧
Z≤3, d) −→ (H∗(M˜), d = 0) by
ϑ(a1) = [e
3],
ϑ(b1) = [e
16], ϑ(b2) = [e
25 + e34], ϑ(Bi) = [Ei],
ϑ(c1) = [e
146], ϑ(c2) = [e
157], ϑ(c3) = [e
167],
ϑ(c4) = [e
246], ϑ(c5) = [e
236 + e245], ϑ(c6) = [e
257 + e347 + e356],
ϑ(C4i ) = [e
4]⊗ [Ei], ϑ(C
7
i ) = [e
7]⊗ [Ei], ϑ(ηj) = 0,
where 1 ≤ i ≤ 16 and j = 1, 2. One can check that the map ϑ is such that the
map ϑ∗ : H∗(
∧
V ≤s, d) −→ H∗(M) induced on cohomology is equal to the map ı∗ :
H∗(
∧
V ≤s, d) −→ H∗(
∧
V, d) = H∗(M) induced by the inclusion ı : (
∧
V ≤s, d) −→
(
∧
V, d). So M˜ is 3-formal by Lemma 10 and, by Theorem 9, M˜ is formal. 
Theorem 21. The compact manifold M˜ does not admit any torsion-free G2-structure.
Proof. We prove the theorem by contradiction. Suppose that M˜ admits a torsion-free
G2-structure with associated metric g. Then, the holonomy group of g is a subgroup of
G2. By [32, Theorem 10.2.1] the only connected Lie subgroups of G2 that can arise as
holonomy of the Riemannian metric g are G2, SU(3), SU(2) and {1}. Since b1(M˜) = 1
and π1(M˜) = Z, the holonomy group of g must be SU(3).
Therefore, M˜ has a finite covering N × S1 with N being a 6-dimensional simply con-
nected Calabi-Yau manifold. Indeed, by Proposition 1.1.1 of [31] we know that (M˜, g)
must admit as Riemannian finite cover a product N × S1, for some compact, simply con-
nected 6-manifold N . Since the holonomy group of the induced metric on the finite cover
is the product of the holonomy group of N and the trivial group, the induced metric on
N is Ricci-flat and its holonomy group is SU(3). That is N is a Calabi-Yau manifold.
Thus, on N × S1 and, consequently on M˜ there exist a closed 2-form ω and a closed
1-form η such that ω3 ∧ η 6= 0 at every point. But this is not possible by the cohomology
of M˜ . First, we see that it is not possible in H∗(M̂) since we must have η = e3, and we
know that H2(M̂) = 〈[e16], [e25 + e34]〉. Then we use Proposition 18. 
7. Associative 3-folds in M˜
The closed G2 form ϕ˜ constructed on M˜ defines an associative calibration on M˜ . This
means that, for any p ∈ M˜ , we have that every oriented 3-dimensional subspace V of
the tangent space TpM˜ satisfies ϕ˜(p)|V = λ volV , for some λ ≤ 1, where the volume form
volV is induced from the restriction to V of the inner product gϕ˜ at p (see [27] and [32,
§3.7]). The 3-dimensional orientable submanifolds Y ⊂ M˜ calibrated by the G2 form ϕ˜, i.e.
those submanifolds Y ⊂ M˜ that satisfy ϕ˜(p)|TpY = volY (p), for each p ∈ Y and for some
unique orientation of Y , are often called associative 3-folds. Every compact calibrated
submanifold Y is volume-minimizing in its homology class, in particular Y is minimal [32,
Proposition 3.7.2].
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We shall produce examples of associative 3-folds in M˜ from the fixed locus of a G2-
involution of the compact manifold M = Γ\G defined in (3), applying the following.
Proposition 22 ([32, Proposition 10.8.1]). Let N be a 7-manifold with a closed G2 form
φ, and let σ : N → N be an involution of N satisfying σ∗φ = φ and such that σ is not the
identity map. Then the fixed point set P = {p ∈ N | σ(p) = p} is an embedded associative
3-fold. Furthermore, if N is compact then so is P .
Remark 3. Note that Proposition 10.8.1 in [32] is stated for the G2-structures that are
closed and coclosed, but the coclosed condition is not used in the proof.
Recall from section 4 the 7-dimensional Lie group G, and consider on G the involution
given by
σ : (x1, x2, x3, x4, x5, x6, x7) 7→ (−x1,−x2, x3, x4,−x5,
1
2
− x6, x7). (20)
The involution σ is equivariant with respect to the left multiplications by elements of the
subgroup Γ ⊂ G. Indeed, for each a ∈ G and A ∈ Γ we may write, noting the properties
of the Z2-action ρ on G defined by (6),
LA(σ(a)) = LA(L 1
2
(ρ(a))) = L 1
2
(LA(ρ(a)))
= L 1
2
(ρ(A′) · ρ(a)) = L 1
2
(ρ(LA′(a))) = σ(LA′(a)),
where A′ = ρ(A) and L 1
2
denotes the left translation by an element with coordinates
(xi) = (0, 0, 0, 0, 0,
1
2
, 0) in G. Therefore, σ descends to the quotient manifold M = Γ\G.
The induced map on M , still denoted by σ, commutes with ρ and so σ descends to the
orbifold M̂ = M/Z2. From now on, we denote by σ̂ the involution of M̂ induced by σ.
The fixed locus P̂ of σ̂ is the image by the natural projection π̂ : M → M̂ of the set P
of points in M that are fixed by the involution σ : M → M . Thus, P̂ consists of all the
3-dimensional spaces P̂b = π̂(Pb) = Pb/Z2, where
Pb = {(b1, b2, x3, x4, b5, b6, x7) | (x3, x4, x7) ∈ T
3} ⊂M,
and
b = (b1, b2, b5, b6) ∈ B = {0, 1} × {0, 1/2} × {0, 1/2} × {1/4, 3/4}.
Hence, P is a disjoint union of 16 copies of a 3-torus T 3. Now one can check that the
fixed locus P̂ of σ̂ consists of 8 disjoint copies of T 3 since in the orbifold M̂ the points of
coordinates (b1, b2, x3, x4, b5, 1/4, x7) and (b1, b2, x3, x4, b5, 3/4, x7) are the same. Observe
that the fixed loci P of σ and S ′ of ρ do not intersect, and hence the fixed locus P̂ of σ̂
and the singular locus S of the orbifold M̂ also do not intersect.
Proposition 23. Each of the eight disjoint copies of 3-tori in M̂ , which are the fixed
locus P̂ of σ̂, define eight embedded, associative (calibrated by ϕ˜), minimal 3-tori in M˜ .
Proof. Since the G2 form ϕ onM defined in (8) is preserved by the involution σ ofM , each
of the 16 torus Pb in M fixed by σ is an associative 3-fold in (M,ϕ) by Proposition 22.
Now we know that the Z2-action ρ on M preserves the G2 form ϕ on M , and induces
the G2 form ϕ̂ on M̂ (see section 4), so that the pull-back of π̂ sends ϕ̂ to ϕ. Thus,
the 2-to-1 projection map π̂ : M → M̂ outside the set S ′ of points in M fixed by ρ
is a local isomorphism of the closed G2-structures and hence also a local isometry of
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the induced metrics. Consequently, π̂ preserves the associative calibrated property of
submanifolds, and so each of the eight copies of T 3 is an associative (and minimal) 3-fold
in M̂ . Furthermore, as we mentioned above, these 3-tori do not meet the singular locus
S of M̂ .
To complete the proof, let us recall that the G2-structure ϕ˜ on M˜ agrees, away from a
neighbourhood U of S, with the G2-structure ϕ̂ induced on M̂ fromM . It follows that the
above 3-tori lift diffeomorphically to the resolution M˜ and define 8 embedded, associative
(calibrated by ϕ˜), minimal 3-tori in M˜ . 
McLean [37] studied the deformation problem for several types of calibrated subman-
ifolds. For compact associative 3-folds, the problem may be expressed as a non-linear
elliptic PDE, with index zero, if the G2 form is closed and coclosed. This result was gen-
eralized by Akbulut and Salur to arbitrary G2 forms [2, Theorem 6]. It follows that any
compact associative 3-fold in M˜ is either rigid or, otherwise, has infinitesimal associative
deformations which in general need not arise from the actual deformations (as the linear
part of the deformation problem may have a nontrivial cokernel).
As we now show, the 3-tori in the present example do have associative deformations.
Proposition 24. Each of the eight associative 3-tori in M˜ arising from the fixed locus
of σ has a smooth 3-dimensional family of non-trivial associative deformations.
Proof. As in the previous sections, in light of the symmetry by left translations, it suffices
to consider just one component Y0 of the fixed locus of σ. A tubular neighbourhood of
Y0 in M˜ is isometric to a tubular neighbourhood of the image of Y0 in the smooth locus
M̂ \ S. As the projection M → M̂ is a local isometry away from the preimage of S we
may work on M with the G2-structure ϕ and consider a component of the preimage of Y0
which by abuse of notation we continue to denote by Y0 ⊂ M . We may choose Y0 to be
defined by x1 = x2 = x5 = 0, x6 =
1
4
, then the associative 3-torus Y0 is contained in the
fiber p−1(0 + 2Z) of the projection p : M → R/2Z (see (5)).
Every fiber p−1(x1) has a natural structure of a complex 3-torus C
3/Λ(x1), where the
complex coordinates on C3 are given by x2 + ix3, x4 + ix5, x6 + ix7. Moreover, these
latter 3-tori are biholomorphic to the standard 3-torus p−1(0) = C3/Z6 because the linear
isomorphisms B(x1) and C are contained in the image of SL(3,R) under the chain of
natural embeddings of groups SL(3,R) ⊂ SL(3,C) ⊂ SL(6,R). The complex 3-form
Ω = (e2 + ie3) ∧ (e4 + ie5) ∧ (e6 + ie7)|p−1(x1) induces on each complex torus p
−1(x1)
a holomorphic trivialization of the canonical bundle of (3, 0)-forms. The closed 2-form
ω = e2 ∧ e3 + e4 ∧ e5 + e6 ∧ e7|p−1(x1) induces on p
−1(x1) a Ricci-flat Ka¨hler metric
which depends non-trivially on x1 and when x1 = 0 coincides with the ‘usual’ Ka¨hler
metric on C3/Z6. Thus each fiber p−1(x1) has a torsion-free SU(3) (Calabi–Yau) structure
compatible with the closed G2-structure on M , in the sense that ϕ = e
1 ∧ ω − ReΩ.
It is not difficult to check that Y0 is a special Lagrangian 3-torus in the Calabi–Yau
threefold Z0 = p
−1(0). Furthermore, the special Lagrangian tori
Y (a, b, c) = {(a, y1, y2, b,
1
4
+ c, y3) + Z
6 | (y1, y2, y3) ∈ R
3} (21)
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in p−1(0) are associative in (M,ϕ) as φ|Y (a,b,c) = dx3∧dx4∧dx7|Y (a,b,c) = e
3∧e4∧e7|Y (a,b,c).
For small a, b, c, the Y (a, b, c) induce well-defined non-trivial associative deformations of
Y0 in (M˜, ϕ˜). 
We next show that the result of Proposition 24 is optimal. For this, we require some
foundational results about the deformations of associative 3-folds.
Let N be a 7-manifold with a G2-structure φ. Denote by χφ the 3-form on N with
values in TN determined by
〈χφ(u, v, w), a〉 = ∗φφ(u, v, w, a),
for all u, v, w, a ∈ TN . The 3-form χφ may also be locally expressed as
χφ =
7∑
k=1
(ejy ∗φφ)⊗ ej ,
for any local positive-oriented orthonormal frame field {ej} on N [21, p. 1217].
For P an oriented 3-dimensional submanifold of N , let ωP denote a global section of
Λ3TP given by f1 ∧ f2 ∧ f3, for any local positive orthonormal frame field {fk} on P . It
can be checked that then χφ(ω) is a section of the normal vector bundle NP/N of P in
N . Furthermore, the submanifold P will be associative with respect to φ (and calibrated
when φ is closed) if and only if χφ(ωP ) = 0 (cf. [27] or [37]).
Now, let us consider P a compact associative 3-fold with respect to φ. It is by now a
standard consequence of the tubular neighbourhood theorem that smooth local deforma-
tions of P may be given by P (v) = expv(P ) for smooth sections v of the normal vector
bundle NP/N of P in N with ‖v‖C0 small, where the exponential map and the C
0 norm
are defined using the metric gφ. For every C
0-small normal vector field v ∈ Γ(NP/N) and
every closed G2-structure φ on N , define the ‘deformation map’
F (v, φ) = (exp∗
v
χφ)(ωP ) ∈ Γ(NP/N, φ), (22)
where the normal bundle NP/N, φ is defined using the metric gφ. Then P (v) will be
associative calibrated by φ precisely when F (v, φ) = 0.
Proposition 25. In the case when P = Y is one of the eight associative 3-tori given in
Proposition 24, the kernel of the derivative D1F |(0,ϕ˜) of the map (22) in the first argument
has dimension 3.
Corollary 26. The family (21) of associative local deformations of Y is maximal (that
is, it is not contained as a proper subset in another associative local deformation family).
Proof of Proposition 25. For the same reason as in the proof of Proposition 24, we may
take P to be the associative 3-torus Y0 in M with the closed G2-structure ϕ. Thus Y0 is
defined by x1 = x2 = x5 = 0, x6 =
1
4
and x3, x4, x7 ∈ R/Z define the local coordinates on
Y0.
It is easy to check that the frame field ei dual to e
i on M (see (4)) is given, in the local
coordinates xi induced from G, by
e1 = ∂1 + x2∂4 + x3∂5 − x1x2∂6 − x1x3∂7, e2 = ∂2, e3 = ∂3,
e4 = ∂4 − x1∂6, e5 = ∂5 − x1∂7, e6 = ∂6, e7 = ∂7,
(23)
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where ∂i =
∂
∂xi
denote the local coordinate vector fields.
The restrictions to Y0 of the vector fields ei, i = 1, 2, 5, 6, give an orthonormal frame
field inducing a trivialization of the normal bundle NY0/M, ϕ and the restrictions of ek,
k = 3, 4, 7 define an orthonormal frame field on Y0 trivializing the tangent bundle TY0.
The linear operator in question acting on the sections of NY0/M, ϕ and may be expressed
(see [2],[21, Theorem 2.1]) as
D1(v) = D1F |(0,ϕ˜)(v) =
∑
k=3,4,7
ek ×∇
⊥
ek
v +
∑
i=1,2,5,6
(∇v ∗ϕ ϕ)(ei, ωY )⊗ ei, (24)
where × denoted the octonionic cross-product corresponding to the G2-structure ϕ, ∇
⊥
is the connection on NY0/M induced by the Levi–Civita connection ∇ of gϕ and ωY =
e3 ∧ e4 ∧ e7 ∈ Γ(Λ
3TY0). The second sum in (24) contains the terms arising from the
failure of the G2-structure to be torsion-free and does not contain derivatives of v. On the
other hand, the first sum in (24) is a Dirac-type operator arising in McLean’s results [37,
§5].
In the present case, we may consider D1 as a first order differential operator acting on
functions v = (v1, v2, v5, v6), where each vi(x3, x4, x7) is periodic with period 1 in each
variable xk. It is not difficult to check that the first order terms in D1 are equivalent to the
standard ‘flat space’ Dirac operator given in terms of the Pauli spin matrices. The zero
order terms may be determined by a standard, albeit lengthy computation; the following
table gives some check-points for the readers convenience.
Table 1. The values of 2∇⊥ekei on Y0, for i = 1, 2, 5, 6, k = 3, 4, 7.
1 2 5 6
3 e5 0 −e1 0
4 e2 + e6 e1 0 −e1
7 e5 0 −e1 0
Table 2. The values of 2∇eie
j on Y0, for i = 1, 2, 5, 6, j = 1, . . . , 7.
1 2 3 4 5 6 7
1 0 −e4 −e5 −e6 e3 − e7 e4 e5
2 −e4 0 0 −2e1 0 0 0
5 e3 + e7 0 −e1 0 0 0 −e1
6 e4 0 0 −e1 0 0 0
We then obtain
D1 : v =

v1
v2
v5
v6
 7→

0 −∂3 ∂4 −∂7
∂3 − 1 0 −∂7 −∂4
−∂4 ∂7 0 −∂3
∂7 + 1 ∂4 ∂3 0


v1
v2
v5
v6

By considering the Fourier expansions of vi, we find that the kernel of D1 consists
of constant vectors and is spanned by ei|Y0, for i = 2, 5, 6. The latter corresponds to
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the tangent space at Y0 to the 3-dimensional family of associative deformations given
in (21). 
We also show, as a direct consequence of the next result, that the associative 3-tori Y
in Proposition 23 become rigid after a suitable arbitrary small perturbation of the closed
G2-structure ϕ˜ on an arbitrary small neighbourhood of Y in M˜ .
If P is a compact associative 3-fold with respect to a closed G2-structure φ on a 7-
manifold N , denote by MP,φ the set of smooth associative 3-folds calibrated by φ and
isotopic to P .
Proposition 27. Let φ be a closed G2 form on a 7-manifold N and P ⊂ N a compact
associative 3-fold calibrated by φ. Suppose that the kernel of D1F |(0,φ) is spanned by the
normal vector fields f1, . . . , fm, where 1 ≤ m ≤ 4 and fj are linearly independent at each
point of P . Then there is a neighbourhood U of P and a closed G2 structure ψ with
arbitrary small ‖ψ − φ‖C0 (defined using the metric gφ), such that the only element of
MP,ψ contained in U is P .
Proof. We claim that the argument of Gayet in [21, Proposition 2.6] adapts to the present
situation to give a proof of Proposition 27. The only difference from the hypotheses of
Gayet’s result is that in the present case the kernel of D1 is spanned by up to four, rather
than one, non-vanishing vector fields.
We give a brief review of the proof in [21] with a modification for am-dimensional kernel
of D1. The normal bundle of an associative 3-fold is always trivial (e.g. [33, Remark 2.14])
and a tubular neighbourhood of P may be chosen diffeomorphic to P × R4 with ui,
i = 1, 2, 3, 4, the coordinates on R4 such that ∂/∂uj = fj for j = 1, . . . , m. For each j, we
may write fjy ∗φφ =
∑
i 6=j dui∧βji, for some 2-forms βji and define ψj = d(xi
∑
i 6=j uiβji).
For every λ = λ1, . . . , λm ∈ R
m close to zero, the 3-form φλ = φ +
∑
j=1,...,m λjψj gives
a well-defined G2-structure such that φλ|P = φ|P . Thus P is associative with respect to
φλ for each λ. Let D
λ
1 be the derivative in the first variable of the deformation map (22)
associated with φλ. It suffices to prove that D
λ
1 is injective and then Proposition 27
will follow from McLean’s theory by application of the implicit functions theorem in
Banach spaces as Dλ1 is a self-adjoint elliptic operator of index zero (cf. [37, §5],[21,
Proposition. 2.2]).
Let v = v0 +
∑4
i=m+1
∂
∂ui
and v0 =
∑m
j=1 vjfj. It follows from the proof of (24) in [21]
that the operator Dλ1 admits an expansion of the form
Dλ1v = D1v +
m∑
j=1
λjvjfj +O(|λ|v4) +O(λ
2v)
for small λ and v. The key point in the argument of [21, Proposition. 2.6] is an application
of the elliptic theory to show that if Dλ1v = 0, then ∇v0 = O(|λ|v) and the norms of v
and v0 are Lipschitz equivalent and
D1v = −
m∑
j=1
λjvjfj +O(|λ|
2v). (25)
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On the other hand, by considering an elliptic estimate for (D1)
2 one can deduce that
D1v = O(|λ|
2v) thus obtaining a contradiction with (25) for any small non-zero λj, unless
v = 0. 
8. A coassociative torus fibration
In this section, we shall consider a special class of 4-dimensional submanifolds, which
are defined on each 7-manifold N with a G2-structure defined by a 3-form φ. We may
write φ = e123+e145+e167−e246+e257+e347+e356 (cf. (8)) and then the local co-frame field
{e1, . . . , e7} is orthonormal in the metric gφ (induced by φ) and also positively oriented.
The Hodge dual of φ is therefore
θ = ∗φ = e4567 + e2367 + e2345 − e1357 + e1346 + e1256 + e1247.
The 4-form θ satisfies θ(p)|W = λ volW with some λ ≤ 1, for each p ∈ N and every
oriented 4-dimensional subspace W of the tangent space TpN . Here the volume form
volW is induced from the restriction to W of the inner product gφ at p (cf. section 7).
The orientable 4-dimensional submanifolds X ⊂ N satisfying θ(p)|TpX = volX(p), for all
p ∈ X and for some unique orientation of X , are called coassociative 4-folds. The latter
condition on X is equivalent to φ|X = 0. Note that if the 4-form θ is not closed, then θ
is not a calibration and the coassociative submanifolds of N need not be minimal.
Once again, we start with the 7-manifoldM with the G2-structure ϕ defined in section 4
(see (8) and Lemma 13) and also use the orthonormal frame field ei dual to e
i on M ,
e1 = ∂1 + x2∂4 + x3∂5 − x1x2∂6 − x1x3∂7, e2 = ∂2, e3 = ∂3,
e4 = ∂4 − x1∂6, e5 = ∂5 − x1∂7, e6 = ∂6, e7 = ∂7.
(26)
Observe that, in particular, the vectors e4, e5, e6, e7 span the same 4-dimensional subspace
as ∂4, ∂5, ∂6, ∂7 and this subspace is coassociative at each point of M . Furthermore, this
latter subspace is invariant under the action of the linear isomorphisms B(x1), C and E
in Lemma 13.
Recall from section 7 that the fibers p−1(x1) of the map p : M → S
1 have a structure
of Calabi-Yau complex 3-tori C3/Λ(x1) ∼= C
3/Z6 compatible with the G2-structure on M .
We find that for each x1 ∈ R/2Z and w ∈ C/Z
2 the complex 2-torus
Xx1,w = {(w, z2, z3) ∈ p
−1(x1) : (z2, z3) ∈ C
2/Z4}
is a well-defined complex submanifold of p−1(x1) and a coassociative 4-fold in M . (Here
we used w = x2 + ix3, z2 = x4 + ix5, z3 = x6 + ix7 to denote the complex coordinates.)
The tori Xx1,w are the fibers of a coassociative fibration map
q :M → T 3 = (R/2Z)× (R2/Z2).
[(x1, . . . , x7)] 7→ (x1 + 2Z, x2 + Z, x3 + Z)
(27)
Note that in the definition of q we use the local coordinates {xi} on the nilmanifold M
defined by (3).
The fibers of q may be considered as a deformation family. By McLean’s theorem the
local deformations of a compact coassociative 4-fold X in a 7-manifold with a closed G2-
structure form a smooth manifold of dimension b2+(X) [37]. (McLean stated this result
for torsion-free G2-structures but his argument only uses the closed condition, as was
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subsequently observed by Goldstein [22].) A 4-torus has b2+ = 3, therefore the fibers of q
form a maximal deformation family of coassociative 4-folds.
The map q is ρ-equivariant (with a natural involution induced by ρ on the image of q)
and induces a coassociative fibration of the orbifold
q̂ : M̂ → (T 2/± 1)× S1 ≃ S2 × S1
with the S2 factor understood as an orbifold (sometimes referred to as the ‘pillowcase’)
homeomorphic to the standard 2-sphere. When x1 ∈ {0, 1} and x2 ∈ {0,
1
2
} the fiber of q̂
is a singular orbifold homeomorphic to S2×T 2 (with S2 again understood as ‘pillowcase’).
We next show that the map q̂ lifts to M˜ and induces a coassociative fibration q˜ on M˜ ,
so that there is a commutative diagram
M˜
π
−−−→ M̂
q˜
y yq̂
S2 × S1
≃
−−−→ (T 2/± 1)× S1
(28)
where the horizontal arrows are, respectively, the resolution (blow-up) M˜ → M̂ and the
‘pillowcase homeomorphism’.
In order to construct the desired q˜, we first deduce from the construction of q̂ that
every fiber passing through a singular locus of M̂ has singular points. A neighbourhood
of each singular point of this singular fiber is diffeomorphic (in the orbifold sense) to
a neighbourhood of (T 2/ ± 1) × T 2 in (R × T 3/ ± 1) × T 3, for suitable embeddings
T 2 → R × T 3 and T 2 → T 3. For example, near the (equivalence class of) zero vector in
R7 the embeddings are induced by (x5, x6) 7→ (x1, x2, x5, x6) and (x4, x7) 7→ (x3, x4, x7),
where as usual the local coordinates xi on M̂ correspond to the local coordinates on the
compact manifold M .
As π : M˜ → M̂ is a diffeomorphism away from the pre-image of the singular locus of
M˜ , it is easy to see that a generic fiber of q˜ will be diffeomorphic to the 4-torus. But
there will also be singular fibers.
We can understand the singular fibers of q˜ via the local model of the complex surface
S → C2/ ± 1 defined by blowing up the singular point of the cone C2/ ± 1. Here the
complex coordinates on C2 correspond to ζ1 = x4 + ix7 and ζ2 = x5 + ix6 in the above
notation. Consider the cone C/± 1 ⊂ C2/± 1, where C is understood as a complex line
with coordinate ζ2 in C
2 passing through the origin. The proper transform of this cone is
a non-singular complex curve passing through the exceptional divisor on S. The inverse
image of C/± 1 in S is the union of the latter complex curve and the exceptional divisor
(which is a copy of CP1) over the singular point. We find that the lifted fiber in M˜ has a
singularity, locally modeled on the intersection of two copies of R4 along R2.
We claim
Lemma 28. The fibers X of q˜ are coassociative in the G2-structure ϕ˜ on M˜ .
Proof. Firstly, observe that the defining condition ϕ˜|X = 0 for a 4-dimensional submani-
fold X to be coassociative is point-wise and linear in the 3-form ϕ˜. Now recall that at each
point in the resolution region in M˜ the G2-structure ϕ˜ is a linear combination of ϕ̂ induced
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from M̂ and the G2-structure corresponding to the Riemannian product of the 3-torus and
a Ricci-flat Ka¨hler complex surface. The 3-form of former G2-structure vanishes on the
fibers of q˜ by the above discussion, and the 3-form on the latter G2-structure vanishes on
the fibers because each relevant fiber is a Riemannian product with a special Lagrangian
factor (or a complex factor, depending on which complex structure is considered) in the
latter complex surface. 
The structure of a neighbourhood of a singular fiber in M˜ is in fact a suspension over the
familiar elliptic fibration of a Kummer K3 surface. When one blows up the singular points
of T 4/± 1 = (C2/(Z+ iZ)2)/± 1, the proper transform of T 2/± 1 = (C/(Z+ iZ))/± 1 is
a non-singular complex curve, whereas the inverse image of T 2/± 1 is a singular complex
curve which is an image of a (non-bijective) immersion of the Riemann sphere S2. This
immersion takes two distinct points to the same point in the image and is one-to-one
elsewhere on S2. We find that, respectively, each singular fiber in M˜ is the image of a
non-singular 4-manifold T 2 × S2 under an immersion, intersecting itself along T 2. The
singular fibers occur in one-dimensional families parameterized by S1, with coordinate x1
(as in the model example above).
Results of the deformation theory in [37] remain valid for coassociative immersions of
compact smooth 4-manifolds. Notice that, as b2+(T
2 × S2) = 1, the latter S1-families of
singular fibers are maximal deformation families.
To summarise, we obtain from the above.
Proposition 29. The map q˜ defined by the commutative diagram (28) is smooth and its
fibers are coassociative 4-folds in (M˜, ϕ˜). Every smooth fiber of q˜ is diffeomorphic to T 4.
The singular fibers occur in 1-parameter family, of codimension 2 in M˜ . The family of
the smooth fibers of q and the family of the singular fibers of q are each a maximal family
of coassociative deformations.
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